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Cracking-Induced Mistuning in Bladed Disks
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A study of the mechanisms of cracking-induced mistuning in bladed disks is presented in this paper. An analytical
model for a bladed disk was formulated using lumped-mass beams, and a cracked blade was represented by a beam
with a through crack at the root. Local stiffness reduction due to cracking was incorporated using a flexibility matrix
method. The dynamic characteristics of the bladed disk were analyzed for the tuned system and then for the mistuned
system with cracks of various depths introduced at the root of a blade. The dynamic characteristics of the mistuned
system with a cracked blade were evaluated and the mistuning pattern due to blade cracking was investigated. The
mechanisms of cracking-induced mistuning were elucidated by analyzing the mode localizations and the reductions
in natural frequency for different coupling ratios between the disk and blades. The results show that the occurrence
of a cracked blade significantly increases the response amplitude of the other uncracked blades and therefore gives
rise to high cycle fatigue damage. In the present study, the relationship between the cracked blade and its vibration
response signature is established, hence providing the essential guidance required for blade crack detection

procedures and for blade failure investigations.

Nomenclature

= crack depth
blade width
¢y = viscous damping of the ith blade without damping
mistuning
= viscous damping of the ith blade
viscous damping during blade to disk coupling
viscous damping of the ith blade
amplification factor for the ith blade
Young’s Modulus
engine excitation order
0 = force amplitude of engine excitation
fi excitation force applied to the ith blade
h = blade thickness
= moment of inertia of a beam cross section
V=1
flexibility coefficient due to a crack
stiffness of the ith blade
. coupling stiffness of the ith blade
blade length
mass of the ith blade without mistuning
total mass of the ith blade
number of blades
coupling ratio, R? = w2/w? or R = \/k./b®
time
fundamental excitation frequency
blade frequency
. = coupling frequency
ok natural frequency of kth vibration mode
X0 = response amplitude of the ith blade in tuned system
= response amplitude of the ith blade in mistuned system
= displacement of the ith blade
= displacement of the ith blade in tuned case
intermediate variable
= mistuning strength for the ith blade
= damping ratio
= interblade angle
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I = frequency variable due to a crack in a beam
P = N by 1 vector, excitation phase vector
ik = ith element of the kth eigenvector

{¢*}T = 1by N vector, transpose of the eigenvector for kth
vibration mode

I. Introduction

LADED disks in a gas turbine generally exhibit cyclic
symmetry with a cluster of closely spaced and repeated
vibration modes. This type of eigenstructure may often be sensitive
to small variations of blade geometry and material properties, which
is inevitable due to manufacturing tolerances or to property
deterioration of components during service. These small variations,
known as mistuning, usually increase the maximum blade force
response and consequently cause high vibratory stresses that may
have a detrimental impact on the high cycle fatigue (HCF) life.
During the past two decades, research efforts in characterizing
mistuning and understanding the associated negative impact have
been dramatically enhanced due to an increasing trend for high cycle
fatigue failures caused by blade vibrations [1]. Adding to this
concern is the increased use in modern engines of integrated bladed
disks, or blisks, which have dynamic characteristics that add to their
susceptibility to mistuning and associated HCF problems. An
important aspect to this is the possible impact of mistuning that can
be induced by blade cracking. It is generally recognized that blade
mistuning is caused by small differences in individual blade
properties, resulting in a split of vibration modes of the tuned system,
and the sensitivity of dynamic responses to blade mistuning depends
primarily upon the ratio of mistuning strength to coupling strength
[2,3]. Under both cyclic and sustained mechanical and thermal
loading, cracks may initiate and propagate in blades due to fatigue
damage [4-6], resulting in local stiffness discontinuities that may
alter the dynamic characteristics of bladed disks. The effects of a
crack on the blade-alone vibration characteristics have been studied
intensively by a large number of researchers [7-10], focusing on how
to predict the lowered frequency due to cracking in ablade. However,
study of cracking-induced mistuning for bladed disks is very limited.
The first attempt to study cracking-induced mistuning was made by
Kuang and Huang [11] with the development of an analytical model
of a cracked bladed disk with shroud. Their study revealed that the
mode localization and associated mistuning could be introduced by a
cracked blade. Hou [12] numerically demonstrated cracking-induced
mistuning for a weakly coupled research blisk using 3-D finite
methods. It was found that the fundamental natural frequency of a
cracked blade decreased significantly only when the crack was



sufficiently large. However, the cracked blade dramatically changed
the dynamic response of the blisk even when a small crack was
present. As the study was applied to only a weakly coupled system, it
is questionable whether this observation is generic enough to be
applicable to systems with different coupling ratios because of the
sensitivity of mistuning to the coupling ratio.

This paper presents a detailed study of cracking-induced
mistuning and the associated mode localization under different
coupling ratios (the ratio between blade stiffness and blade-disk
coupling stiffness, defined as R), with the aim of identifying the
possible relations between dynamic characteristics and crack
parameters, and the possible impact of a cracked blade on other
blades. An analytical model for a bladed disk was formulated using
lumped masses and massless beams. The local stiffness reduction
due to cracking was incorporated into the cracked blade using a
flexibility matrix. The dynamic characteristics of the bladed disk
were analyzed for both the tuned system and the system with cracks
of various depths introduced at the root of a blade. The mechanism of
cracking-induced mistuning was elucidated by analyzing the mode
localizations and the reductions in natural frequency under different
coupling ratios between the disk and blades. The results show that the
occurrence of a cracked blade significantly increases the response
amplitude of other uncracked blades and therefore gives rise to
enhanced HCF damage for all coupling ratios studied. Also, the
relationship between the cracked blade and its vibration response
signature is established, hence providing the essential guidance
required for blade crack detection procedures and for vibration-based
prognostic analyses.

II. Formulation of the Bladed Disk

with a Cracked Blade

A lumped-mass-spring grounded model was used as a baseline of
a bladed disk without a crack as shown Fig. 1. The massless beams
representing the blade stiffness were fixed at the center (shaded gray
ring).

This model has been used to study various aspects ofmistuning in
the literature and shown to be effective in capturing the essential
dynamic characteristics of a mistuned bladed disk [2,3]. The
equation of motion for the ith mass representing the ith blade
(i=1,...,N)can be described as

mi+ (c? + 2¢)x%; — c(Xiy + Xigy) + (K2 + 2k,)x;
—ke(ximy + xi1) = fi(0)

where x, = xy to describe a closed system. Suppose that only the
blade stiffness is mistuned as is the case when a crack is present, and
define k? =k,(1+6;), m; =m,, and c? =c,. Assuming the
coupling damping term ¢, = 0, then Eq. (1) can be simplified to

I

Fig. 1 A lumped-mass-spring model of a bladed disk.
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5C.,' + (cb/mh))'ci + C()lz,(l + 5,‘ + 2R2)x,- — w%(x,-,l + x,-H)
=fi(t)/mb

where R? = w?/w} is defined as the coupling ratio. The stiffness
mistuning term §; defined in Eq. (2) can be calculated as

(@)

8 = (0} /w))* — 1 3
The engine order excitation force can be expressed as
fil) = Fyelort =i @)
The interblade phase angle 6 is defined as
0 =2nE,/N ®)

Assembling the equations (2-5) in matrix form and assuming
proportional damping, the displacement response amplitude for the
ith blade in Eq. (2) can be solved as

N T
() P
(w)=F - 6
x;(w) o/ My ;wﬁ.k ) T 2jkw, @ (6)
where @ is the phase vector defined as @ ={e”,...,
elort =00l - per+ (W=D - Agsioning §; =0 in Eq. (2), the

displacement x?(w) corresponding to a tuned system can be
obtained.

To solve Eq. (6), the remaining problem is to determine the
fundamental frequency of a cracked blade so that the mistuning term
due to a cracked blade can be incorporated. The relationship between
the fundamental frequency of a cracked blade and the crack
parameters can be established by using a single cracked beam and a
lumped mass at the free end. Figure 2 shows a schematic of a single
blade model represented by a massless elastic cantilever beam with a
lateral crack at the root and a lumped mass at the free end.

The local stiffness or flexibility matrix of the cracked beam under
general loading conditions can be found in Irwin’s work [13]. In the
case of pure bending vibration, Dimarogonas [14] showed that the
flexibility matrix could be simplified further to only bending related
terms. Based on the fundamental frequency of an uncracked beam,
the fundamental frequency of the cracked beam shown in Fig. 2 can
be expressed as

w, = o /(1 + p1?) @)
where

u? =3EI/IK, 3
K, = Eb*h’ /6D, 9

a .92 199[1 — si +
®, :/ 2tana0 923 + 0.199[1 — sin(®)] do (10)

0 cos(a)

a=2h/ma (11)

Using Egs. (7-11), the fundamental frequency of a cracked blade can
be determined and the mistuning term defined in Eq. (3) then can be
calculated.

o+

Fig. 2 Schematic of a cracked massless elastic beam and mass.
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III. Mode Localization Induced by a Cracked Blade

The effect of a cracked blade on mode localization was
investigated by considering different crack length ratios a/ b, defined
as the ratio between the crack length @ and the blade root width b. The
crack length ratio a/b was in arange from 0.0 (without a crack) to 0.7
(the crack was 70% of the blade width). The baseline model has the
parameters of b =85mm, hA=5mm, [=170 mm, and
m = 0.37 kg. The relation between the fundamental frequency of a
cracked blade and the crack length ratio was calculated using Eq. (7),
as shown in Fig. 3. The frequency ratio is defined as the value of the
fundamental frequency of a cracked blade normalized by the blade
frequency without a crack. As expected, the frequency of a cracked
beam decreased monotonically with increasing crack length ratio due
to the fact that a crack in a blade introduces only local flexibilities,
which is consistent with the observations in the literature [7-11].

Figure 4 shows the relation between the natural frequencies of a
12-bladed disk and the crack length ratio. Three different disk-to-
blade coupling ratios are considered, including weak coupling
(R = 0.05), moderate coupling (R = 0.25) and strong coupling
(R = 1). The introduction of a crack mainly reduces the fundamental
frequency of the bladed disk (one of a repeated pair) for both weakly
and moderately coupled bladed disks. However, the reduction in the
fundamental frequency is insignificant for a strongly coupled disk
even if the crack length ratio is close to 0.7. For both weakly and
moderately coupled bladed disks, the reduction in fundamental
frequency is not noticeable when the crack length ratio is small, and
only becomes significant when the crack length ratio is larger than
0.2. The fundamental natural frequency lowers dramatically after the
crack length reaches 25% of the blade width. Note that the relation
between a decrease in the fundamental frequency and the crack
length ratio may not be considered as an eigenvalue loci veering
phenomenon because of the monotonic decrease in the frequency
with increase in the crack length ratio [2]. Therefore a system for the
blade crack detection relying on monitoring relative changes in
frequency may not be sufficient for the weakly or moderately
coupled bladed disks until the crack is large enough (larger than 25%
of the blade width). In the case of strong coupling, the change in
frequency cannot be used as an indicator for the presence of a crack
even if the crack is quite long (70% of the blade width in this case).

The relation between the normalized mode shapes and the crack
length ratio (for mode 1) is shown in Fig. 5. The normalized
displacement of mode shape for each blade is plotted against the
blade number in Fig. 5 and all three coupling ratios are considered.
The mode shape for the tuned case (based on a crack length ratio
a/b = 0) is a straight line corresponding to the zero nodal diameter
because all 12 blades have an identical vibration displacement. This
line is gradually distorted with increase in the crack length for all
three coupling ratios until the peak displacements are finally
localized to the cracked blade (blade 1). However, variation rates
differ for the different coupling ratios and are more sensitive in
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Fig. 3 Relation between the fundamental frequency of a cracked blade
and the crack length ratio.
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weakly and moderately coupled systems. Hence mode localization
occurs for all three coupling ratios although a weakly coupled system
is more sensitive than the other two systems.

IV. Blade Cracking-Induced Mistuning

The effect of the cracked blade on the blade response amplitude
was investigated by performing frequency response analyses of the
bladed disks with different crack ratios. Figure 6 shows typical
vibration response amplitudes of the blades for a weakly coupled
system, normalized to the maximum tuned amplitude. Clearly,
mistuning has been introduced by a cracked blade.

Figure 7 shows the normalized maximum response amplitudes for
all 12 blades in the bladed disk under three coupling ratios. Itis found
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Fig. 4 Variation of the first natural frequency with the crack length
ratio (M denotes the mode).



that the response amplitude of the cracked blade (blade 1) is less than
those of other blades under all three coupling ratios when the crack
length ratio is small. For a weakly coupled system, the vibration
amplitude of the cracked blade becomes larger than the amplitude of
the adjacent maximum responding blade 2 only when the crack
length ratio approaches a limit value of 0.55. For the moderately
coupled system, the limit value of the crack length ratio is 0.35.
However, the limit value is greater than 0.6 for the strongly coupled
system. Therefore, the cracked blade does not necessarily experience
the maximum response in all scenarios, and the maximum
responding blade varies depending on the crack length ratio. This
may impose significant difficulties for vibration-based crack
detection techniques if only the maximum responding amplitude is
sought.
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Nevertheless, the response variations of the two blades adjacent to
the cracked blade show an interesting trend. Blade 2 (with a phase lag
of 2wE/12) experiences the maximum response amplitude for the
crack length ratios approximately less than 0.5 for all three coupling
ratios. Blade 12 (with a phase advance of 27tE/12) experiences the
minimum response amplitudes for ratios less than 0.5 for a weakly or
strongly coupled system. However, this trend is not apparent for a
moderately coupled system. This suggests that the cracked blade is
only likely to be the maximum responding blade when a crack is
sufficiently large. When the crack is small, the response amplitudes
of adjacent blades are better indicators for detecting the existence of a
cracked blade. This finding has an important implication for
vibration-based blade crack detection and prognostic analysis as the
cracked blade can be related to the response signatures of only a few
blades in the whole bladed disk. Also the detection of the changes in
vibration levels is an essential indicator of cracking rather than the
absolute response amplitude. As a cracked blade inevitably
introduces mode localization and associated mistuning to a bladed
disk, a cracked blade can cause high response amplitudes to
uncracked blades and consequently may have a detrimental effect on
the high cycle fatigue life of blades.

V. Discussion

In this study, a mistuning term is introduced by modeling the local
stiffness reduction of a cracked blade using a flexibility matrix. As
blade mistuning is usually caused by small differences in individual
blade properties, it is anticipated that a crack in a blade may cause a
local reduction in stiffness and therefore result in mistuning.
However, the effect of a crack in a blade and the associated mistuning
on the dynamic response of a bladed disk varies with both the crack
length and the coupling ratio.

It is well known that the crack length directly affects the local
stiffness of the cracked blade or the amount of reduction in the blade
frequency (blade alone) [7-10] and therefore affects the mistuning
strength in a bladed disk. However, due to the variation of sensitivity
of mistuning to the coupling ratio, the effect of crack length on the
natural frequencies (bladed disk), mode localization, and associated
mistuning will differ. The reason for this difference is that a weakly
coupled bladed disk is more sensitive to mistuning than a moderately
or strongly coupled bladed disk and this agrees with the findings
reported in literature [2,3]. A small amount of mistuning in a weakly
coupled system may have a significant effect on the mode
localization and therefore the dynamic response of the system.

The effect of the crack length on the natural frequencies of a bladed
disk is studied (Fig. 4). Clearly, the natural frequency of a weakly
coupled bladed disk is more sensitive to the variation of crack length
than those of moderately and strongly coupled systems as the
fundamental frequency changes significantly with relatively small
changes of the crack length ratio (<0.1). The mode localization is
also more sensitive to the crack length in a weakly coupled system as
indicated by a faster changing rate of the modal shapes than those for
moderate and strong coupling ratios (Fig. 5). Because of the high
sensitivity of the natural frequency and mode localization to the
variation of crack length, the dynamic response of a weakly coupled
system is more sensitive to those of moderately or strongly coupled
systems (Fig. 7). Note that different scales were used to plot dynamic
amplification factors under three different coupling ratios purely for
clarity purposes and the vibration amplification factor for the weakly
coupled system is greater than those for either a moderately coupled
system or a strongly coupled system.

VL

The mistuning due to a cracked blade in a bladed disk has been
studied by formulating an analytical model and analyzing the model
to understand the relationship between the blade dynamic response
and the crack length. The following conclusions can be drawn from
this study:

1) Mode localization and associated blade mistuning can be
introduced by a cracked blade in a bladed disk for the three typical
coupling ratios investigated, and the sensitivity of the mode
localization decreases with increasing coupling ratio.

Conclusion
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2) For both weakly and moderately coupled systems, the effect of a
cracked blade is to reduce the natural frequencies monotonically, but
the frequency reduction is insignificant when the crack length is
small. With increase in crack length, only the fundamental frequency
shows a dramatic reduction and the reductions in other frequencies
are negligible. For a strongly coupled system, the reduction in natural
frequencies is insignificant regardless of the values of crack length.

3) A cracked blade does not necessarily experience the maximum
response under all of the three typical coupling ratios, and the
maximum responding blade depends on both the crack length and the
coupling ratio. However, the mistuning caused by a cracked blade
may amplify the dynamic response of the other uncracked blades and
may give rise to HCF damage for other blades in a bladed disk.

4) As the maximum responding blade varies with the coupling
ratio and crack length, a cracked blade cannot be easily identified
based on response amplitudes when the crack is small. However, the
adjacent blades do show a significant change in response amplitude.
The adjacent blade with a phase lag may have an increased response
although the blade with a phase advance may show a lowered
response. This provides the essential information for vibration-based
blade crack detection and prognostic analysis, as the cracked blade
can be related to the response signature of uncracked blades.

It should be pointed out that a tuned system has been used as the
baseline in this study and the only mistuning term is the local stiffness
variation of a cracked blade. It is recommended that further study
should include the effect from various random mistuning terms, i.e.,
variation of blade geometry and properties.

References

[1] Slater, J. C., Minkiewcz, G. R., and Blair, A. J., “Forced Response of
Bladed Disk Assemblies—A Survey,” Shock and Vibration Digest,
Vol. 31, No. 1, 1999, pp. 17-24.

Wei, S. T., and Pierre, C., “Localization Phenomena in Mistuned

Assemblies with Cyclic Symmetry Part 1: Free Vibrations,” Journal of

Vibration, Acoustics, Stress, and Reliability in Design, Vol. 110,

Oct. 1988, pp. 429-438.

Wei, S. T., and Pierre, C., “Localization Phenomena in Mistuned

Assemblies with Cyclic Symmetry Part 2: Forced Vibrations,” Journal

of Vibration, Acoustics, Stress, and Reliability in Design, Vol. 110,

Oct. 1988, pp. 439-449.

Bernstein, H. L., and Alien, J. M., “Analysis of Cracked Gas Turbine

Blades,” Journal of Engineering for Gas Turbines and Power,

Vol. 114, April 1992, pp. 293-301.

Walls, D. P., Delaneuville, R. E., and Cunningham, S. E., “Damage

Tolerance Based Life Prediction In Gas Turbine Engine Blades Under

Vibratory High Cycle Fatigue,” Journal of Engineering for Gas

Turbines and Power, Vol. 119, Jan. 1997, pp. 143-146.

Hou, J., Wicks B. J., and Antoniou, R. A., “An Investigation of Fatigue

Failures of Turbine Blades in a Gas Turbine Engine by Mechanical

Analysis,” Engineering Failure Analysis, Vol. 9, No. 2,2002, pp. 201-

211.

Chen, L., and Chen, C., “Vibration and Stability of Cracked Thick

Rotating Blade,” Computers and Structures, Vol. 28, No. 1, 1988,

pp. 67-74.

[8] Ostachowicz, W., and Krawczuk, M., “Vibration Analysis of Cracked
Turbine and Compressor Blades,” American Society of Mechanical
Engineers, Paper 90-GT-5, Fairfield, NJ, 1990.

[9] Wauer,J., “Dynamics of Cracked Rotating Blades,” Applied Mechanics
Reviews, Vol. 44, Nov. 1991, pp. 273-278.

[10] Dimarogonas, A. D., “Vibration of Cracked Structures: A State of Art
Review,” Engineering Fracture Mechanics, Vol. 55, No. 5, 1996,
pp- 831-857.

[11] Kuang, J. H., and Huang, B. W., “Mode Localization of a Cracked
Blade Disk,” Journal of Engineering for Gas Turbines and Power,
Vol. 121, April 1999, pp. 335-341.

[12] Hou, J., “On Cracking Induced Mistuning in a Blisk,” 7th National
Turbine Engine High Cycle Fatigue Conference, Universal
Technology, Dayton, OH, May 2002.

[13] Irwin, G. R., Fracture Mechanics, in Structural Mechanics, edited by J.
N. Goodier and N. J. Hoff, Pergamon, Oxford, 1960, p. 557.

[14] Dimarogonas, A. D., and Paipetis, S. A., Analytical Methods in Rotor
Dynamics, Elsevier, New York, 1983.

(2]

(3]

[4

=

[5

=

[6

=

(71

A. Palazotto
Associate Editor



